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Let’s	
  start	
  with	
  some	
  music:	
  

(from	
  Chopin	
  to	
  ‘adiabaMc’	
  music…)	
  



From	
  Caravaggio	
  to	
  Malevich:	
  



Back	
  on	
  Earth:	
  from	
  arts	
  to	
  an	
  energy	
  harves4ng	
  applica4on	
  



VibraMon	
  energy	
  harvesMng	
  	
  
Four	
  main	
  transducMon	
  mechanisms	
  

Piezoelectric: dynamical strain is 
converted into voltage difference. 

Capacitive: geometrical variations 
induce voltage difference 

Inductive: dynamical oscillations 
of magnets induce electric current in 
coils 
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Magnetostrictive: stress produces a 
variable magnetic field that induces a 
current in an adjacent conductive coil. 	





VibraMons	
  harvesMng:	
  the	
  model	
  

� 

m˙ ̇ x =

Force	
  due	
  to	
  the	
  energy	
  stored	
  
DissipaMve	
  force	
  

ReacMon	
  force	
  due	
  to	
  
the	
  transducMon	
  mechanism	
  	
  

Input	
  force	
  	
  

� 

+ζz

� 

−
dU(x)
dx

� 

−γ˙ x 

� 

−c(x,V )

� 

m˙ ̇ x = − dU(x)
dx

− γ˙ x − c(x,V ) + ζ z

� 

˙ V = F( ˙ x ,V )

EquaMons	
  that	
  link	
  the	
  vibraMon-­‐induced	
  displacement	
  with	
  the	
  Voltage	
  

Details	
  depend	
  on	
  the	
  physics…	
  

VibraMng	
  body	
  z	
  

m	
  

γ kgen	
  x	
  

c	
  

V	
  

Force	
  acMng	
  on	
  harvester	
  oscillator	
  



VibraMons	
  harvesMng:	
  the	
  transducMon	
  mechanism	
  

We	
   will	
   focus	
   on	
   Piezoelectricity	
   because	
   for	
   pracMcal	
  
reasons	
  has	
  the	
  best	
  coupling	
  factor.	
  

Capacitive: is more	
  easy	
  to	
  scale	
  
down	
  but	
  you	
  have	
  to	
  pay	
  a	
  debt:	
  it	
  
needs	
  a	
  bias	
  voltage	
  

Inductive and Magnetostrictive: 
are more	
  difficult	
  to	
  be	
  scaled	
  down	
  
and	
  have	
  a	
  lower	
  coupling	
  factor	
  



� 

m˙ ̇ x = − dU(x)
dx

− γ˙ x − c(x,V ) + ζ z

� 

˙ V = Kc ˙ x − 1
τ p

V
� 

m˙ ̇ x = − dU(x)
dx

− γ˙ x −KVV + ζ z

The	
  Physics	
  of	
  piezo	
  materials	
  

Now	
  we	
  focus	
  on	
  

� 

ζ z
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That	
  for	
  a	
  beam	
  are:	
  

VibraMons	
  harvesMng:	
  the	
  model	
  for	
  piezo	
  

� 

˙ V = F( ˙ x ,V )



Random vibrations / noise 

Thermal noise (NOT POSSIBLE AT EQUILIBRIUM!!!) 
Acoustic noise 
Seismic noise 
Ambient noise (wind, pressure fluctuations, …) 
Man made vibrations (human motion, machine vibrations,…) 

All	
  different	
  for	
  intensity,	
  spectrum,	
  staMsMcs	
  

The	
  random	
  character	
  of	
  kineMc	
  energy	
  

How	
  can	
  we	
  harvest	
  them	
  ?	
  

� 

ζz Represents	
  the	
  vibraMonal	
  stochasMc	
  force	
  



Linear	
  system	
  

If	
  a	
  linear	
  system	
  is	
  considered:	
  	
  

� 

U(x) ≈ x 2

1)  There	
  exist	
  a	
  simple	
  math	
  theory	
  to	
  solve	
  the	
  equaMons	
  
2)  They	
  have	
  a	
  resonant	
  behaviour	
  (resonance	
  frequency)	
  
3)  They	
  can	
  be	
  “easily”	
  realized	
  with	
  canMlevers	
  and	
  pendula	
  



Linear	
  system	
  

A	
  general	
  framework	
  for	
  ODE	
  described	
  by:	
  

 

!x1 = f1(x1,", xn )
#
!xn = fn (x1,", xn )

The	
  system	
  described	
  by:	
  	
  
 
m!!x = − dU(x)

dx
−γ !x − KVV +ζ z with	
   U(x) = 1

2
kx2

 m!!x = −kx −γ !x − KVV +ζ z Can	
  be	
  rewricen	
  as:	
  

 

!x1 = x2
!x2 = 1

m (−kx1 −γ x2 − KVV +ζ z )

Is	
  linear	
  if	
  all	
  the	
  xi	
  on	
  the	
  right	
  hand	
  side	
  appear	
  to	
  
the	
  first	
  power	
  only.	
  



The	
  transfer	
  funcMon	
  is	
  a	
  math	
  funcMon	
  of	
  the	
  frequency,	
  in	
  the	
  complex	
  
domain,	
  that	
  can	
  be	
  used	
  to	
  represent	
  the	
  performance	
  of	
  a	
  linear	
  system	
  and	
  
can	
  act	
  as	
  a	
  filter…	
  

For	
  a	
  linear	
  system	
  the	
  transfer	
  funcMon	
  presents	
  one	
  or	
  more	
  peeks	
  
corresponding	
  to	
  the	
  resonace	
  frequencies.	
  

This	
  is	
  a	
  serious	
  limita4on	
  when	
  you	
  want	
  to	
  build	
  a	
  small	
  energy	
  harves4ng	
  
system	
  working	
  in	
  a	
  real	
  environment…	
  

A	
  linear	
  system	
  is	
  the	
  most	
  performing	
  if	
  its	
  resonance	
  frequency	
  is	
  where	
  the	
  
incoming	
  energy	
  is	
  abundant…	
  

Linear	
  system	
  

X(s)	
  i.e.	
  ambient	
  energy	
   H(s)	
   Y(s)	
  i.e.	
  output	
  energy	
  

Y(s)	
  =	
  H(s)	
  X(s)	
  



For	
  two	
  main	
  reasons:	
  

The	
  frequency	
  spectrum	
  of	
  available	
  vibraMons	
  instead	
  of	
  being	
  
sharply	
  peaked	
  at	
  some	
  frequency	
  is	
  usually	
  very	
  broad.	
  

Accelerometer:	
  
• 	
  Tri	
  axial	
  
• 	
  Bandwidth	
  from	
  0.4Hz	
  to	
  10kHz	
  
• 	
  ±50g	
  
DAQ:	
  
• 	
  102.4	
  kS/s	
  five	
  simultaneous	
  channel	
  
• 	
  4	
  channels	
  with	
  sojware-­‐selectable	
  
IEPE	
  signal	
  condiMoning	
  
• 	
  USB	
  powered	
  

Signal	
  presenta4on:	
  
• 	
  DescripMon	
  
• 	
  Power	
  spectrum	
  
• 	
  StaMsMcal	
  data	
  
• 	
  Time	
  series	
  download	
  (only	
  for	
  authorized	
  users)	
  







F1	
  car	
  





	
  The	
  frequency	
  spectrum	
  of	
  available	
  vibraMons	
  is	
  parMcularly	
  rich	
  in	
  energy	
  in	
  the	
  
low	
  frequency	
  part…	
  and	
  it	
  is	
  very	
  difficult,	
  if	
  not	
  impossible,	
  to	
  build	
  small	
  low-­‐
frequency	
  resonant	
  systems…	
  

W 

l 

t 



From	
  the	
  model	
  for	
  a	
  linear	
  oscillator:	
  
The	
  voltage	
  transfer	
  funcMon	
  is:	
  

� 

H(ω ) =
1
m

ωkc

ω 2 k+ γ
τ +kckv
m −ω 2⎛ 

⎝ 
⎜ ⎞ 

⎠ 
⎟ 
2

+ γ
m + 1

τ( )ω 2 − k
mτ( )2

or	
  	
  considering:	
  

and:	
  
� 

ω0 =
k + γ

τ + kckv
m

� 

ω1 =
k

γτ + m

100 104 106 108 1010 1012
⇥ �Hz⇥

10�13

10�11

10�9

10�7

10�5

Units⇤ Hz

Transfer Function of V

� 

H (ω ) =
1
m

ωkc

ω 2 ω 2 −ω0
2( )2 + γτ+m

mτ( )2 ω 2 −ω1
2( )2

� 

ω 2 ω 2 −ω 0
2( )2 > γτ +m

mτ( )2 ω 2 −ω1
2( )2

� 

ω 2 ω 2 −ω 0
2( )2 < γτ +m

mτ( )2 ω 2 −ω1
2( )2

if	
  

the	
  resonance	
  frequency	
  is	
  	
  

� 

ω0 =
k + γ

τ + kckv
m

if	
  

the	
  resonance	
  frequency	
  is	
  	
  

� 

ω1 =
k

γτ + m

where	
  

� 

H (ω ) max =
ω0kcτ

γτ + m( ) ω0
2 −ω1

2( )2

where	
  

� 

H (ω ) max =
kc

mω1
2 −ω0

2



Quality Factor = :J3 k m t2 -J2 m2 + 2 Hk + kc kvL m t2 - g2 t2 +

m4 + 2 Hk - 2 kc kvL m3 t2 - 4 Hk + kc kvL m g2 t4 + g4 t4 + m2 t2 I-g2 - 6 kc kv g t + Hk + kc kvL2 t2M NN í J-J2 m6 + 6 Hk
- 2 kc kvL m5 t2 + 2 g6 t6 - 2 g4 t4

m4 + 2 Hk - 2 kc kvL m3 t2 - 4 Hk + kc kvL m g2 t4 + g4 t4 + m2 t2 I-g2 - 6 kc kv g t + Hk + kc kvL2 t2M + 4 Hk + kc kvL m g2

t4 J-3 g2 t2 + 2 m4 + 2 Hk - 2 kc kvL m3 t2 - 4 Hk + kc kvL m g2 t4 + g4 t4 + m2 t2 I-g2 - 6 kc kv g t + Hk + kc kvL2 t2M N -

m4 J3 g2 t2 + 18 kc kv g t3 - 6 k2 t4 + 6 k kc kv t4 - 15 kc2 kv2 t4 + 2

m4 + 2 Hk - 2 kc kvL m3 t2 - 4 Hk + kc kvL m g2 t4 + g4 t4 + m2 t2 I-g2 - 6 kc kv g t + Hk + kc kvL2 t2M N + m2 t2 J-3 g4

t2 - 18 kc kv g3 t3 + 12 kc kv g t

m4 + 2 Hk - 2 kc kvL m3 t2 - 4 Hk + kc kvL m g2 t4 + g4 t4 + m2 t2 I-g2 - 6 kc kv g t + Hk + kc kvL2 t2M - 2 Hk + kc kvL2
t2 m4 + 2 Hk - 2 kc kvL m3 t2 - 4 Hk + kc kvL m g2 t4 + g4 t4 + m2 t2 I-g2 - 6 kc kv g t + Hk + kc kvL2 t2M + g2 J15 k2 t4

+ 30 k kc kv t4 + 15 kc2 kv2 t4 + 2

m4 + 2 Hk - 2 kc kvL m3 t2 - 4 Hk + kc kvL m g2 t4 + g4 t4 + m2 t2 I-g2 - 6 kc kv g t + Hk + kc kvL2 t2M NN + 2 m3 t2 J
k3 t4 + 3 k2 kc kv t4 + k J6 g2 t2 + 18 kc kv g t3 + 3 kc2 kv2 t4 - 2

m4 + 2 Hk - 2 kc kvL m3 t2 - 4 Hk + kc kvL m g2 t4 + g4 t4 + m2 t2 I-g2 - 6 kc kv g t + Hk + kc kvL2 t2M N + kc kv J-3

g2 t2 + 18 kc kv g t3 + kc2 kv2 t4 + 4

m4 + 2 Hk - 2 kc kvL m3 t2 - 4 Hk + kc kvL m g2 t4 + g4 t4 + m2 t2 I-g2 - 6 kc kv g t + Hk + kc kvL2 t2M NNNN>

The	
  analyMc	
  result	
  for	
  the	
  Q	
  

� 

Q =
ωr

Δω
ωr	
  is	
  the	
  resonance	
  frequency	
  and	
  Δω	
  is	
  the	
  bandwidth	
  (full	
  
width	
  when	
  the	
  output	
  voltage	
  is	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  )	
  

� 

Vmax
2
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Description of the resonator design 
The resonator design is a square shaped block of single crystal silicon with 
dimensions of 320x320x28 um^3 (design H1). Its main resonance mode is the so 
called square extensional (SE) resonance, which is characterized by its zoom-
in/zoom-out oscillation. The resonance is excited by a piezoelectric AlN thin film on 
top of the resonator block. The electrically conductive (p-doped) silicon block acts as 
the bottom electrode, and a molybdenum thin film has been patterned to provide the 
top electrode. See reference [1] for a general description of the SE resonator. 
Reference [2] discusses piezoelectric excitation of the SE resonance mode. 
 
Figure 3 shows how the resonator is recommended to be connected.  

 
Figure 3: Electrical connection of the resonator. 

 
Accurate characterization measurements have not been done for the provided 
samples. Estimates for the equivalent circuit parameters are given in table 1. In 
addition to the equivalent circuit element values, the corresponding resonance 
frequency f0, quality factor Q and coupling coefficient k2eff are given. It should be 
noted that these parameters represent the values that are obtained under atmospheric 
pressure: in vacuum (p < 0.1mbar) the Q-value is typically doubled. 
 

parameter value unit
Rm 128.9606 Ohm
Cm 1.01E-14 F
Lm 0.013691 H
C0 3.00E-11 F

f0 13.5 MHz
Q 9000 1
k2eff 0.04 %

C1 <1e-12 F
C2 <1e-12 F  

Table 1: equivalent circuit parameters (and their derivatives). 
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An example of the frequency response in the vicinity of the main resonance is shown 
in Figure 4. 

 
Figure 4: Frequency reponse of the resonator measured with an impedance analyzer. 
 
It should be noted that there are some parasitic resonances, e.g. at ~ 40 MHz and at 
relatively low (~1MHz) frequencies. Some applications may require specific attention 
to these parasitics. 
 
It should also be noted that for this type of resonator the feedthrough impedance (path 
through C_0) is relatively low (of the same order as Rm). Again, depending on 
application this may be of concern. 
 

Additional infomation 
Please do not hesitate to ask more information related to the provided samples: 
antti.jaakkola@vtt.fi / +358 40 023 1995. 
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Four	
  separate	
  chips	
  have	
  been	
  provided,	
  each	
  chip	
  contains	
  16	
  resonators.	
  

Each	
  of	
  the	
  16	
  resonators	
  has	
  a	
  different	
  design,	
  their	
  size	
  is	
  varied	
  (so	
  the	
  
resonance	
  frequency)	
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Membrane	
  response	
  



The	
  vibra4on	
  harvester	
  2.0	
  

!  Capable	
  of	
  harvesMng	
  energy	
  on	
  a	
  broad-­‐band 	
  -­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐-­‐> 	
  Non-­‐resonant	
  system	
  

Nonlinear Energy Harvesting

F. Cottone,* H. Vocca, and L. Gammaitoni†
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Ambient energy harvesting has been in recent years the recurring object of a number of research efforts

aimed at providing an autonomous solution to the powering of small-scale electronic mobile devices.

Among the different solutions, vibration energy harvesting has played a major role due to the almost

universal presence of mechanical vibrations. Here we propose a new method based on the exploitation of

the dynamical features of stochastic nonlinear oscillators. Such a method is shown to outperform standard

linear oscillators and to overcome some of the most severe limitations of present approaches. We

demonstrate the superior performances of this method by applying it to piezoelectric energy harvesting

from ambient vibration.

DOI: 10.1103/PhysRevLett.102.080601 PACS numbers: 05.40.Ca, 05.10.Ln, 05.45.!a, 84.60.!h

The efficient powering of small-scale electronic mobile
devices [1–3] is still an open problem. Old-style solutions,
i.e., disposable batteries, cannot always be employed due
to a number of reasons, chief among others the practical
impossibility of replacement once exhausted. For such
reasons, a new approach based on the exploitation of
energy harvested where and when available has attracted
considerable attention. Specifically, vibration energy har-
vesting and ambient light exploitation are believed to con-
stitute a potentially viable solution. Ambient vibrations
come in a vast variety of forms from sources as diverse
as wind induced movements, seismic noise, and car’s
motion. Present working solutions for vibration-to-
electricity [4–7] conversion are based on linear, i.e., reso-
nant, mechanical oscillators that convert kinetic energy via
capacitive, inductive, or piezoelectric methods [8–10] by
tuning their resonant frequency in the spectral region
where most of the energy is available. However, in the
vast majority of cases, the ambient vibrations have their
energy distributed over a wide spectrum of frequencies,
with significant predominance of low frequency compo-
nents, and frequency tuning is not always possible due to
geometrical or dynamical constraints [10,11].

To overcome these difficulties, we propose a different
approach based on the exploitation of the properties of
nonlinear (i.e., nonresonant) oscillators. Specifically, we
demonstrate that a bistable oscillator, under proper oper-
ating conditions [12] can provide better performances
compared to a linear oscillator in terms of the energy
extracted from a generic wide spectrum vibration. In fact,
a nonlinear oscillator, as the one that we discuss here, by
default can present a wide spectral response (much wider
than a linear or resonant one) and can be operated in such a
way that its frequency response matches more closely what
is available in the environment. In this regard, we point out
that we are dealing here with open systems far from
equilibrium, and the energy conversion mechanism is af-

fected by both the spectral distribution and by the intensity
of the vibrational energy available and is directly con-
nected to the amplitude of the motion of the oscillating
elements. Moreover, we note that the dynamical features
discussed here are not limited to the sole piezoelectric
energy conversion but can be applied also to other prin-
ciples, e.g., capacitive and inductive.
For the sake of demonstration, we realized a toy-model

oscillator made by a piezoelectric inverted pendulum
(Fig. 1) where on top of the pendulummass a small magnet
(tip magnet) has been added. The effect of ground vibration
force is reproduced by applying a properly designed mag-
netic excitation on two small magnets attached near the
base of the pendulum. Under the action of the excitation,
the pendulum oscillates, alternatively bending the piezo-
electric beam and thus generating a measurable voltage
signal. The dynamics of the inverted pendulum tip can be
controlled with the introduction of an external magnet
conveniently placed at a certain distance ! and with po-
larities opposed to those of the tip magnet. The external
magnet introduces a force dependent from ! that opposes
the elastic restoring force of the bended beam. As a result,
the inverted pendulum dynamics can show two different
types of behaviors as a function of the distance !.
Specifically, when the external magnet is far away, the
inverted pendulum behaves like a linear oscillator whose
dynamics is resonant with a resonance frequency deter-
mined by the system parameters. This situation accounts
well for the usual operating condition of traditional piezo-
electric vibration-to-electric energy converters [6]. On the
other hand, when ! is small enough, two new equilibrium
positions appear. The random vibration makes the pendu-
lum swing in a more complex way with small oscillations
around each of the two equilibrium positions and large
excursions from one to the other. In order to quantify the
energy produced by the piezoelectric oscillator, we com-
puted the power dissipated in a purely resistive load, by
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Let’s look at an example of 
non-linear oscillator: 

the Duffing Oscillator 

� 

˙ ̇ x +δ˙ x + βx + αx 3 = γ cosωt

� 

U(x) =
1
2
βx 2 +

1
4
αx 4



The	
  Duffing	
  PotenMal	
  

� 

U(x) =
1
2
βx 2 +

1
4
αx 4
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β>0, α>0	
  	
   β<0, α>0	
  	
  

β>0, α<0	
  	
   β<0, α<0	
  	
  



The example of a two springs system 

•  A mass is held between two 
springs. 
–  Spring constant k 
–  Natural length l 

•  Springs are on a horizontal 
surface. 
–  Frictionless 
–  No gravity 

k 
l 

m

k l 



Transverse Displacement 
•  The force for a displacement 

is due to both springs. 
–  Only transverse component 
–  Looks like its harmonic 

q	



s 

x 

s 

� 

s = l2 + x 2

� 

= −2k l2 + x 2 − l( ) x
l2 + x 2

� 

= −2kx 1− 1
1+ x 2 l2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

� 

F = −2k l2 + x 2 − l( )sinθ



Purely Nonlinear 

 The force can be expanded as a power 
series near equilibrium (in 0). 
–  Expand in x/l 

 The lowest order term is non-linear. 

 Quartic potential 
–  Not just a perturbation 

� 

F = −2kl x
l
1− 1

1+ x 2 l2
⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

  

� 

F ≅ −kl x
l

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 
3

+…

  

� 

V ≅
k
4l2

x 4 +…



Mixed Potential 
 Typical springs are not at natural 
length l 
–  Approximation includes a linear 

term 
s 

x 

s 

l+d 

l+d 

  

� 

F ≅ −
2kd
l
x − k l − d( )

l3
x 3 +…

  

� 

V ≅
kd
l
x 2 +

k l − d( )
4l3

x 4 +… with d < l 	
  



Quartic Potentials 

•  The sign of the forces influence the shape 
of the potential. 

� 

V = −
k
2
x 2 +

kα
4
x 4

hard double well 



Driven System (for the hardening case) 

Assuming a more complete, realistic system. 
–  Damping term 
–  Driving force 

We rescale the problem: 
–  Set t such that ωo

2 = (k/m) = 1 
–  Set x such that kα /m = 1 

We obtain the classical Duffing equation 

� 

m˙ ̇ x = −β˙ x − kx − kαx 3 + f cosωt

� 

˙ ̇ x + γ˙ x +ω 0
2x + αω 0

2x 3 = f cosωt

� 

˙ ̇ x +γ˙ x + x + x 3 = f cosωt



Steady State Solution 
Try a solution, match terms 
x(t) = A(ω )cos[ωt −θ ]

� 

A(1−ω 2)cos(ωt −θ ) − Aγω sin(ωt −θ ) + A3 cos3(ωt −θ ) = f cosωt

trigonometric 
identities 

� 

[A(1−ω 2 + 3
4 A

2) − f cosωt]cos(ωt −θ )
+[−Aγω + f sinωt]sin(ωt −θ)
+ 1
4 A

3 cos3(ωt −θ)
= 0

� 

f cosωt = A(1−ω 2 + 3
4 A

2)
f sinωt = Aγω
1
4 A

3 cos3(ωt −θ) ≈ 0

� 

˙ ̇ x +γ˙ x + x + x 3 = f cosωtin	
  



Amplitude Dependence 

Finding the amplitude-frequency relationship: 
Which reduces to forced harmonic oscillator for A ≈ 0 

The harmonic resonance condition is when: 

In general is: 

where is valid the relation: 

f 2 cos2ωt = A2 (1−ω 2 + 3
4 A

2 )2

f 2 sin2ωt = A2γ 2ω 2

� 

A =
f

[(1−ω 2)2 + (γω )2]

(1−ω 2 + 3
4 A

2 )2 = 0

f 2 = A2[(1−ω 2 + 3
4 A

2 )2 + γ 2ω 2 ]

1−ω 2 = 0

A(ω ) = 4
3 (ω

2 −1)



Nonlinear Resonance Frequency 

•  The resonance frequency of 
a linear oscillator is 
independent of amplitude. 

•  The resonance frequency of 
a Duffing oscillator increases 
with amplitude. 

A

ω	



Duffing 
oscillator 

Linear 
oscillator 

� 

A = 4
3 (ω

2 −1)

ω  = 1 



… brings to hysteresis 

•  A Duffing oscillator behaves 
differently for increasing and 
decreasing frequencies. 
–  Increasing frequency has a 

jump in amplitude at ω2 

–  Decreasing frequency has a 
jump in amplitude at ω1 

•  This is hysteresis. 

ω1 
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Nonlinear Resonance 
(in general…) 

Nonlinear resonance seems not to be so much different 
from the (linear) resonance of a harmonic oscillator. But: 

- the dependency of the eigenfrequency of a nonlinear 
oscillator on the amplitude 

and 

- the nonharmoniticity of the oscillation 

lead to a behavior that is impossible in harmonic oscillators, 
namely: the foldover effect and superharmonic resonance. 

Both effects are more important in the case of weak 
damping. 



The foldover effect 

The foldover effect got its name from the bending of the resonance peak 
in a amplitude versus frequency plot. This bending is due to the 
frequency-amplitude relation which is typical for nonlinear oscillators.  

The pendulum eq.: 

� 

˙ ̇ ϕ = −γ ˙ ϕ −ω 0
2 sinϕ + f cosωt

� 

ω 0
2 =

g
l

Foldover effect for a pendulum 

Oscillazioni 179

Figura 5.6. Il grafico del rapporto tra il periodo T di oscil-
lazione del pendolo ed il periodo T0 = 2π

√

l/g calcolato mediante

l’approssimazione armonica. L’ampiezza è misurata in gradi.

Può essere interessante vedere come si possa almeno ottenere uno
sviluppo in serie dell’integrale ellittico valido per valori non troppo grandi
dell’argomento m. Si sviluppa l’integrando in serie di potenze utilizzando la
formula del binomio di Newton5

1√
1 + x

= 1 +
1

2
x +

1 · 3
2 · 4

x2 +
1 · 3 · 5
2 · 4 · 6

x3 + . . . =
∑

k≥0

(2k − 1)!!

(2k)!!
xk .

La serie è convergente per |x| < 1, e si può integrare termine a termine.
Ponendo x = m2 sin2 ϕ ed inserendo lo sviluppo in serie nella (5.23) si ottiene

K(m) = J0 +
1

2
m2J2 +

1 · 3
2 · 4

m4J4 + . . . =
∑

k≥0

(2k − 1)!!

(2k)!!
m2kJ2k ,

5 Qui abbiamo usato la notazione del semifattoriale: se n è pari (dispari) n!!
denota il prodotto dei numeri pari (dispari) fino a n compreso; inoltre si
definisce 0!! = 1.

T r
ea
l/T

lin
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  (deg)	
  



The	
  superharmonic	
  resonance 

Nonlinear	
  oscillators	
  do	
  not	
  oscillate	
  sinusoidal.	
  
Superharmonic	
  resonance	
  is	
  simply	
  the	
  resonance	
  with	
  one	
  of	
  this	
  higher	
  
harmonics	
  of	
  a	
  nonlinear	
  oscillaMon.	
  In	
  an	
  amplitude/frequency	
  plot	
  appear	
  
addiMonal	
  resonance	
  peaks.	
  In	
  general,	
  they	
  appear	
  at	
  driving	
  frequencies	
  
which	
  are	
  integer	
  fracMons	
  of	
  the	
  fundamental	
  frequency.	
  



Bistable Duffing 

Gammaitoni	
  et	
  al.	
  Reviews	
  of	
  Modern	
  Physics	
  1998	
  

In	
  case	
  of	
  a	
  bistable	
  oscillator	
  the	
  frequency	
  response	
  for	
  an	
  overdamped	
  system	
  
is	
  highly	
  spread	
  in	
  the	
  low	
  frequency	
  region.	
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NON-­‐Linear	
  mechanical	
  oscillators	
  

� 

m˙ ̇ x = −
dU(x)

dx
−γ˙ x −KVV +ζz

˙ V = Kc ˙ x − 1
τ p

V

with	
  

� 

U(x) = kx 2 + (ax 2 + bΔ2)−3 / 2
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� 

U(x) = − 1
2
ax 2 + 1

4
bx 4

L.	
  Gammaitoni,	
  I.	
  Neri,	
  H.	
  Vocca,	
  Appl.	
  Phys.	
  Lec.	
  94,	
  164102	
  (2009)	
  



Noise	
  energy	
  harvesMng	
  
Non-­‐linear	
  systems	
  

Duffing	
  potenMal	
  

� 

U(x) = −
1
2
ax 2 +

1
4
bx 4

L.	
  Gammaitoni,	
  I.	
  Neri,	
  H.	
  Vocca,	
  Appl.	
  Phys.	
  Lec.	
  94,	
  164102	
  (2009)	
  

� 

bMAX = a2

4D log(τ p )



A compared response 



!"#"$ % & ' "
"

()*+,-.)%-'/0"1-"2%)"2/'%,/0"3'"4'')"-5%-"-5','"14"%"6',0")%,,+7"3%)8718-5"1)"75125"-5'"404-'9"71//"
+:',%-'"'**'2-16'/0;"<514"9'%)4"-5%-"1*"-5'"613,%-1+)"*,'=.')20"8'61%-'4"6',0"*%,"*,+9"-5'",'4+)%)-"
*,'=.')20>"75125"1-"9%0"8+"&,%8.%//0"-5,+.&5+.-"1-4"/1*'4:%)>"-5')"-5'"'**121')20"+*"-5'"404-'9"14"
&,'%-/0"8'2,'%4'8;"<514"?1)8"+*"404-'9"8+'4")+-"7+,?"%-"%//"1*"1-"14")+-":+4413/'"-+"&'-"-5'"613,%-1)&"
*,'=.')20"-+"'=.%/"-5'",'4+)%)-"*,'=.')20"+*"-5'"8'612'"%4"6',0"/1--/'":+7',"71//"3'"&')',%-'8"%)8"
-5'"5%,6'4-',"71//")+-"7+,?;"

@4"-5'"75+/'"18'%"3'51)8"')',&0"5%,6'4-1)&"14"-5%-"-5'"404-'9"5%4"-5'"2%:%31/1-0"-+"+:',%-'"71-5"
/1--/'"+,")+"9%1)-')%)2'"-514"25%,%2-',14-12"14")+-"18'%/;"

!"#$%&'()'*+,$-*.&'+/&,.$
(41)&"%")+)A/1)'%,",'4+)%-+,"1)4-'%8"+*"%"/1)'%,",'4+)%-+,"9%0"+6',2+9'"-514":,+3/'9"%4"-5'"
3%)8718-5"+*".4'*./"*,'=.')21'4"5%4"-5'":+-')-1%/"-+"3'"*%,"&,'%-',;"<5'"8'612'"BC1&.,'"DE"14"4191/%,"-+"
-5'"/1)'%,"+)'4"1)"-5%-"1-"2+)414-4"+*"%"2%)-1/'6',"3'%9"71-5"9%&)'-4"9+.)-'8"+)"-5'"/++4'"')8"%/4+"
%2-1)&"%4"%"9%44;"<5'"81**',')2'"14"-5%-"-5'"9%&)'-4"%,'"%,,%)&'8"4.25"-5%-"%4"-5'"3'%9"+421//%-'4>"
-5'"9%&)'-12"*/.F":%44'4"-5,+.&5"-5'"1,+)"4-%-+,"%)8"1)8.2'4"%"6+/-%&'"1)"-5'"2+1/;"
"

"
!"#$%&'()'*+,%-./0'+$%%.10'23,%&0'45567'89:&;,-"9'.<','/./=3"/&,%'&3&9-%.;,#/&-"9'&/&%#>':,%?&8-&%'

<5'"2/+4',"-+"-5'"2+1/"-5%-"-5'"9%&)'-4"%,'>"-5'"4-,+)&',"-5'"*+,2'":,+8.2'8;"@4"-5'"%1,"&%:"3'-7'')"
-5'"9%&)'-4"%)8"2+1/"8'2,'%4'4>"-5'")+)/1)'%,1-0"+*"-5'"613,%-1+)4"1)2,'%4'4;"G5')"-5'"%1,"&%:"14"6',0"
49%//"-5'"404-'9"3'2+9'4"31A4-%3/'H"-514",'&19'"14"9+,'"'**121')-"%)8"+**',4"&,'%-',":+-')-1%/"*+,"
')',&0"5%,6'4-1)&"%/-5+.&5"9./-1:/'"%--,%2-+,4")+7"2,'%-'"%88'8"2+9:/12%-1+)4"B!"#$%&'()%")$%
$)$#*+%#$,-"),$%.,%-",,./0$%1"#%&'$%,(!$%-(#(!$&$#%2"!/.)(&."),34%
"
<514")'7")+)A/1)'%,"404-'9"2%)"3'"9+8'//'8"30"I.**1)&�4"'=.%-1+)"BJE"71-5"�	 � 
	�%4"%":+/0)+91%/"
%::,+F19%-1+)"-+"-5'")+)A/1)'%,"9%&)'-12"*+,2'4"%)8"/1)'%,"4:,1)&"*+,2'4;"

"

�	� � �� � ��
��
��

� 	� � �	 � 
	� � ��������" BJE"

"
<5'"404-'9"2%)"814:/%0"-7+"81**',')-"3'5%61+.,4>"75')"�"14":+41-16'>"-5'"404-'9"814:/%04"%"5%,8')1)&"
3'5%61+.,>"%)8"75')"�"14")'&%-16'"-5'"404-'9"14"1)"1-4"31A4-%3/'"4-%-';"

Ajer	
  non-­‐dimensionalizaMon:	
  

Barton	
  D.A.W.,	
  Burrow	
  S.G.	
  and	
  Clare	
  L.R.,	
  2010,	
  “Energy	
  HarvesMng	
  from	
  VibraMons	
  with	
  
a	
  Nonlinear	
  Oscillator,”	
  Journal	
  of	
  Vibra6on	
  and	
  Acous6cs,	
  132,	
  021009.	
  	
  

k	
  <	
  0	
   	
   	
  hardening	
  
k	
  >	
  0	
   	
   	
  bistable	
  

!"#"$ % & ' "
"

"
!"#$%&'()'!*%+&','-"./01+&2&34'5*%'61%-&3"3#'13-'7"8.4170&9':;%7"4%1%<'$3"4.='

()&*+'","%+'"-.'"(/+0'"1)234%0'5'6-"3+/7)4'2"7/+"-.'"-8/"1)77'+'6-"+'&)5'29":%;")2"-.'".%+1'6)6&"
3+/7)4'"%61":<;")2"-.'"<)=2-%<4'"/6'>"(+/5":%;")-"0%6"<'"2''6"-.%-"-.'".%+1'6)6&"2-%-'"/64?".%2"/6'"
2-%<4'"'@*)4)<+)*5"3/)6->"A.'+'%2"-.'"<)=2-%<4'"0%2'".%2"B"'@*)4)<+)*5"3/)6-29"/6'"*62-%<4'":%-"-.'"
/+)&)6;"%61"-8/"2-%<4'>"

!"#$%&'()*+&,)%&-.),-/)%&#
C@*%-)/6":D;".%2"%"4/-"/7"1)77'+'6-"3%+%5'-'+29"2/")-"8/*41"<'"'%2)'+"-/"8/+E"8)-."%"6/6=1)5'62)/6%4"
F'+2)/6"/7")->"G.)2")2"1/6'"<?"%"-+%627/+5%-)/6"/7"-.'"F%+)%<4'2"2/"-.%-"	7�� �8 � 
7�� �8H"

�7�8 3 ��7�89"""� 3 ��>"

I/89" " " "�57�8 3 � !%
!$ 7��8 3 ���5"

" " " "�67�8 3 ����6"

J/9"<?"-+%627/+5)6&"-.'"F%+)%<4'2"


����6 2 9� 2 ),

�.��/
: ���5 2 ��� 2 ����� 3 ����7� *

(8" :B;"

I/8"1)F)1)6&"-.+/*&."<?"%"7%0-/+"/7"
���"

�6 2 9� 2 ),

�.��/
: �
#( �5 2

"
#(, � 2

'&,

#(, �
� 3 �

#&(, ���7�
*
(8" :B%;"

K61"2'--)6&"�� 3 "
#"9"�

� 3 "
'"%61"� 3

 � 1,
0.-0/
�(# ""&)F'2"

�6 2 ���5 2 � 2 �� 3 �
"4" '� ���7� *

4" #� 8""" " " :B<;"

()6%44?9"2'-"� 3 �
"4" '� "%61"� 3 � +

4" #� "4'%F)6&"-.'"'@*%-)/6"

�6 2 ���5 2 � 2 �� 3 ����7��8"" " " " " :L;"

8.'+'"�")2"-.'"1%53)6&"+%-)/9"%61"�")2"-.'"'M0)-%-)/6"-'+5>"

� 

m˙ ̇ x + (c + θ 2

RC + RL
) ˙ x + kx + βx 3 = F sin(ωt)

� 

˙ ̇ x + 2ξeff ˙ x + x + βx 3 = Γsin(ωt)



The	
  buckled	
  beam	
  

 
 

!"#"$%&'($)*+',&'-.$+/&0($1/23*4&0/+$
 
The experimental tests were mainly performed under exponentially correlated Gaussian 

noise vibration with zero mean, autocorrelation time of �=0.001s and root-mean-squared (rms) 
acceleration from �=1 to 3g (where g stands for the gravitational acceleration: 9.81m/s2). 

Figure 4 shows the measured central point displacement of the beam and the output voltage 
compared to the prebuckled configuration with �L=0.07mm, at �=3g base acceleration. Such 
high vibrations amplitude was required to obtain a good bistability of the oscillator.  This is due 
to the relatively high damping. The plots of the left (a),(c) and right (b),(d) column in Figure 4 
refer respectively to 1MOhm and 25kOhm of electrical load. The latter value was found to be 
the optimal load which maximizes the electrical power for the unbuckled case. The 
enhancement in terms of rms displacement and output voltage is significant. The bistable 
configuration shows indeed an amplification factor of 8.46 times (for the load of 25kOhm) up to 
16.22 times (for 1MOhm) in the rms voltage.     

 
  F igure 4. Deflection and voltage of experimental unbuckled beam against the prebuckled configuration 

at �L=0.07mm, with load resistance of (a),(c) 1MOhm and (b),(d) 25KOhm.     
 

The bistable behaviour is evident in figure 4(a), where two stable minima are located around 
+/�0.9mm. Theoretical bimorph model gives little bigger values q±=±1.2mm. Nevertheless, the 
expected qualitative behaviour is not significantly influenced, the as shown in the following.   

In effect, in figure 4(b), the deflection distribution clearly appears asymmetrical. This is due 
to the unimorph structure of the experimental laminate, which determinates the asymmetry of 
potential well. It can be noted that output voltage strongly decreases with lower electrical load, 
while the displacement is only slightly affected. This means that the shunt effect does not so 
affect very much the bistable dynamics of the oscillator.   

Figure 5(a) illustrates the comparison of the rms voltage and Figure 5(b) the average 
electrical power versus load variation, between linear and nonlinear configurations. In particular, 

 
 

factors from 1.6, 1.9 and 3.9x. Apart from the beam asymmetry, in first place, the general 
discrepancies with theoretical model can be accounted to the electrode contacts leakage of the 
testing device and, secondarily, to the unknown experimental value of the piezoelectric film 
elastic stiffness. This parameter was indeed taken equal to 4!1010��� ��� �	�� ���
���� �
������
modulus range for thin piezoelectric films [30]. In addition, the damping ratio was assumed to 
be constant, whereas in general it depends by the nonlinear tuning force, as also indicated in 
previous works [31].  

Despite of discrepancies, the trends are increasing in both cases and they do not exhibit 
critical breakdown points like in the deflection plots. A stress-stiffening effect due to the fourth 
coupled term into the left-side of first motion equations (17) can be assumed to be a possible 
reason to this phenomenology. We have to stress the fact that, the actual electro-elastic potential 
is voltage dependent. When the system passes over the critical bifurcation point, the effective 
electro-mechanical coupling increases, getting proportional to the intra-well vibration frequency. 
Hence,   on increasing the compression length, the system resonate at higher frequencies and 
amplify the voltage-to-displacement ratio. However, it important to remark that the 
improvement in terms of power is considerable, and it is also qualitative predicted by the 
numerical model. 

 
F igure 6. (a),(b) Standard deviation of the beam midpoint deflection q(t)=w(L/2,t) calculated within a 

time interval of 20s. (c),(d) Electrical power P = V2/RL versus relative compression �L/L (%) for 
experiment (left-column) and numerical simulation (right-column). 
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prototype has been realized by screen printing low-curing-temperature PZT films on steel beam 
support. The energy harvesting performances have been studied when compressing the 
clamped-clamped piezoelectric beam in order compare the behaviour of nonlinear bistable 
against linear unbuckled dynamical regime. According to previous works, when excited by a 
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Figure 7. Comparison of numerical model response against experimental data, at 2g rms acceleration base, with (k1 < 0) and without
(k1 = 0) the axial in-plane piezoelectric force term for (a) deflection and (b) voltage, respectively.

the model. Nevertheless, it must be noticed that the power gain
results are more important in the experimental data than for
simulations.

4. Conclusions

Theoretical analysis and experimental investigations on a
piezoelectric buckled beam used as a vibration energy
harvester have been successfully carried out along with
numerical simulations. The governing equations of the
system have been determined and discussed. A piezoelectric
prototype has been realized by screen-printing low-curing-
temperature PZT films on a steel beam support. The
energy harvesting performances have been studied when
compressing the clamped–clamped piezoelectric beam in
order to compare the behaviour of a nonlinear bistable against
linear unbuckled dynamical regime. According to previous
works, when excited by a wide bandwidth Gaussian noise, the
system prototype exhibits an enhancement both in oscillation
amplitude and in the output power delivered to a resistive
load. Such a behaviour is also qualitatively confirmed by the
numerical model.

Moreover, the piezoelectric beam produces up to an order
of magnitude more electric power when it is compressed
than in the unbuckled case. In particular, a gain of 13.1
times was found for an intermediate base acceleration level,
which in our case is 2g. It means that there exist no
direct proportionality between gain and acceleration. Contrary
to intuitive expectations, like in previous magneto-elastic
bistable systems [17, 31], the system reveals that, after the
bifurcation point, the breakdown in the rms voltage does not
occur. This could be interpreted as due to the dependence
of electromechanical coupling on the oscillation frequency
combined with the high-pass filtering effect. The experimental
system has also been studied when varying the resistive
load confirming the improvement of electrical performance
compared to a linear resonant system. Investigations of such a
buckling method to electromagnetic and capacitive conversion
methods are indeed envisaged. Micro-scale piezoelectric
generators based on the buckling approach can also be
considered with the same theoretical approach developed
here.
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m˙ ̇ x + γ˙ x + k3x 3 + (k2 + k1V )x − k0V = ζ

1
2 Cp

˙ V +
V
RL

= k1x˙ x − k0 ˙ x 

The	
  governing	
  equaMons	
  are:	
  

where	
  k2	
  and	
  k3	
  are	
  the	
  linear	
  and	
  non-­‐linear	
  sMffness,	
  k0	
  is	
  the	
  piezoelectric	
  coupling	
  
factor	
  and	
  k1	
  is	
  the	
  in-­‐plane	
  piezoelectric	
  force	
  factor.	
  

� 

U(x) = 1
4 k3x

4 + 1
2 (k2 + k1V )x

2

The	
  conservaMve	
  force	
  is	
  Duffing-­‐like:	
  

where	
  the	
  linear	
  sMffness	
  parameter	
  is	
  a	
  funcMon	
  of	
  the	
  output	
  voltage	
  



Noise energy harvesting 
Only	
  bistability???	
  

A	
  more	
  general	
  monostable	
  potenMal…	
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U(x) = ax 2n

L.	
  Gammaitoni,	
  I.	
  Neri,	
  H.	
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  Phys.	
  Lec.	
  94,	
  164102	
  (2009)	
  
� 

ath ≈
D
4

= σ 2τ
� 

ξ(t)ξ(t1) = σ 2e
−
t− t1
τ

In	
  an	
  exponenMally	
  correlated	
  noise	
  
with	
  correlaMon	
  Mme	
  t:	
  	
  

� 

a > 0
n =1,2,...

with	
  

There	
  exists	
  a	
  threshold	
  amplitude	
  ath:	
  

Above	
  which	
  the	
  nonlinear	
  system	
  
outperforms	
  the	
  linear	
  one.	
  



Varying the noise amplitude 
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Once	
  σ	
  and	
  a	
  are	
  fixed	
  the	
  choice	
  of	
  a	
  
linear	
  (n	
  =	
  1)	
  or	
  nonlinear	
  potenMal	
  (n	
  ≥	
  
2)	
  can	
  be	
  made	
  in	
  order	
  to	
  maximize	
  
xrms	
  and	
  consequently	
  the	
  power	
  
obtained	
  at	
  the	
  device	
  output.	
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•  “1D”	
  StaMsMcs:	
  	
  (2nd	
  Order	
  Cumulants,	
  1st	
  Order	
  Spectra)	
  

– CorrelaMon:	
  	
  

– Power	
  Spectral	
  Density:	
  	
  

– Coherence:	
  	
  

•  Tells	
  us	
  power	
  and	
  phase	
  coherence	
  at	
  a	
  given	
  
frequency	
  

Cxy t( ) = x τ( ) y t +τ( ) dτ
−∞

∞

∫ ⇔ X f( ) Y * f( ) = Sxy f( )

C2 x t( ) ⇔ X f( ) X* f( ) = S2x f( )

Cxy f( ) =
Sxy f( )

S2 x f( ) S2y f( )

Sta4s4cs	
  for	
  linear	
  systems	
  



DATA ANALYSIS 

It	
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  tell	
  us	
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•  “2D”	
  StaMsMcs:	
  (3rd	
  Order	
  Cumulants,	
  2nd	
  Order	
  Spectra)	
  

– Bicumulant:	
  	
  

– Bispectral	
  Density:	
  	
  

– Bicoherence:	
  	
  

•  Tells	
  us	
  power	
  and	
  phase	
  coherence	
  at	
  a	
  coupled	
  
frequency	
  

Cxyz t, ′ t ( ) = x τ( ) y t +τ( ) z ′ t +τ( ) dτ
−∞

∞

∫ ⇔ X f1( ) Y f2( ) Z* f1 + f2( ) = Sxyz f1, f2( )

C3x t( ) ⇔ X f1( ) X f2( ) X* f1 + f2( ) = S3x f1, f2( )

� 

Cxyz f( ) =
Sxyz f1, f2( )

Sxx f1( ) Syy f2( ) Szz f1 + f2( )

Sta4s4cs	
  for	
  non-­‐linear	
  systems	
  



To	
  analize	
  the	
  system	
  linearity	
  bispectrum	
  and	
  bicoherence	
  need	
  
to	
  be	
  taken	
  into	
  account:	
  

If	
  S3x=	
  0 	
  the	
  process	
  is	
  Gaussian	
  and	
  linear	
  

If	
  S3x≠	
  0 	
  the	
  process	
  is	
  not	
  Gaussian	
  and	
  

• if	
  c3x	
  is	
  constant	
  -­‐	
  the	
  process	
  is	
  linear	
  
• if	
  c3x	
  is	
  not	
  constant	
  -­‐	
  the	
  process	
  is	
  not	
  linear	
  

Sta4s4cs	
  for	
  non-­‐linear	
  systems	
  



The	
  spectrogram	
  shows	
  
nonstaMonariMes	
  and	
  couplings	
  of	
  the	
  
forcing	
  signal	
  with	
  lower	
  frequencies.	
  

The	
  Generalised	
  PS	
  confirms	
  this	
  
argument.	
  

More informations with non-stationary 
analysis! (459	
  Hz)	
  



Bispectrum for frequency less then 
3.5 KHz.  
Information about signal non gaussianity.	
  

Bicoherence for frequency less then 
3.5 KHz. Information about non linearity. 
Couplings that cannot be attribuited to the 
forcing signal. 

S3x f1, f2( ) = C3x m,n( )e2π i( f1m+ f2n) dmdn
−∞

+∞

∫
−∞

+∞

∫

C3x f( ) = S3x f1, f2( )
Sxx f1( ) Sxx f2( ) Sxx f1 + f2( )

Bispectrum	
  and	
  Bicoherce	
  for	
  459	
  Hz	
  



Bispectrum	
  and	
  Bicoherce	
  for	
  491	
  Hz	
  



With	
  nonlinear	
  analysis	
  we	
  can	
  design	
  beau4ful	
  4les…	
  

Where	
  do	
  these	
  lines	
  come	
  from?	
  



With	
  nonlinear	
  analysis	
  we	
  can	
  design	
  beau4ful	
  4les…	
  

The	
  lines	
  are	
  a	
  consequence	
  of	
  the	
  nonlinear	
  coupling	
  of	
  the	
  first	
  three	
  orders!	
  	
  



There’s	
  a	
  clear	
  sign	
  of	
  bistability.	
  

The	
  membrane	
  dynamics	
  
show	
  two	
  separted	
  
acractors	
  and	
  (probably)	
  a	
  
chaothic	
  beaviour.	
  	
  

Where	
  the	
  couplings	
  come	
  from?	
  



Conclusions	
  

Let’s	
  try	
  to	
  enjoy	
  the	
  Suprema6sm!!!	
  

It’s	
  not	
  easy,	
  but	
  can	
  give	
  some	
  good	
  
results…	
  

“…	
  nothing	
  is	
  real	
  except	
  feeling...	
  “	
  
("SupremaMsm",	
  Part	
  II	
  of	
  The	
  Non-­‐Objec6ve	
  World)	
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